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Abstract 


Step traces are an extension of Mazurkiewicz traces where each equiva- 
lence class (trace) consists of sequences of steps instead of sequences of 
atomic actions. Relations between the actions of the system are defined 
statically, as parameters of a concurrent step alphabet. By allowing 
only some of the possible relationships between actions, subclasses of 
step alphabets can be derived in a natural way. Properties of these 
classes can then be investigated in terms of invariant structures, i.e., the 
relational structures that represent the causal invariants that underlie 
the corresponding step traces. 

In this paper, we refine an earlier classification of subclasses of 
step alphabets and add eight new subclasses to this hierarchy. We 
divide these eight classes into three families on basis of the absence of 
a specific behavioural relation and then characterise the corresponding 
invariant structures. 


Keywords: step alphabet, trace of step sequences, simultaneity, seri- 
alisability, interleaving, classification, invariant structure 


1 Introduction 


Step traces [4] are an extension of the classical Mazurkiewicz traces, a basic 
and well-established model to represent concurrent behaviour [1, 12, 13, 14]. 
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Whereas a Mazurkiewicz trace is an equivalence class of sequences of action 
names that can be seen as representing all (sequential) observations of a 
run of a concurrent system, a step trace consists of step sequences. Such 
sequences are a concatenation not of single occurrences of actions, but rather 
of steps, i.e., sets of one or more actions that occur (or are observed as 
occurring) simultaneously. Some recent examples of the application of step 
traces can be found in computational biology [18], digital graphics [17], and 
model checking [10]. 


For Mazurkiewicz traces, the equivalence of sequences is based on a 
binary independence relation stating which pairs of actions are independent 
and thus can be observed in any order. Also the equivalence of step sequences 
forming a step trace is based on binary relations between a system’s actions. 
First of all, there is simultaneity indicating that two actions may occur 
together in a step; secondly, serialisability specifies possible execution orders 
for potentially simultaneous actions; thirdly, interleaving declares for actions 
that cannot occur simultaneously that no specific ordering is required. The 
latter two relations can also be captured in terms of a single sequentialisability 
relation, see [4, 7]. This then leads to a notion of a step alphabet consisting of 
a finite set of symbols (action names) and two binary relations, simultaneity 
and sequentialisability. 


The sequences forming a Mazurkiewicz trace, share an underlying 
acyclic structure based on the dependencies between their actions that 
are common to all elements of the trace. This dependence graph defines 
through its transitive closure a labelled partial order which can be seen as the 
(invariant) causality structure of the concurrent run captured by the trace [19]. 
Moreover, each partial order is the intersection of all its linearisations, i.e., 
saturations of the partial order that preserve the acyclicity. This latter 
property (Szpilrajn’s property {20]) forms the link between the elements of a 
trace and its associated partial order: the linearisations of the partial order 
correspond exactly to the sequences forming the trace. 


For step traces, obviously, more general dependence and causal struc- 
tures are needed to describe the invariant relationships between action 
occurrences. The relational structures studied in [2, 3] and used in [4] to 
describe the causality in step traces, have — instead of a single strict partial 
order (causality) relation — two relations: a ‘not later than’ relation to 
represent weak causality (i.e., before or in the same step) and a ‘mutual 
exclusion’ mutex relation for pure interleaving (not allowed in the same 
step but not necessarily causally ordered). Order structures are (labelled) 


A Precise Characterisation of Step Traces and 
Their Concurrent Histories 239 


relational structures satisfying certain additional properties, in particular 
a generalised acyclicity property. Moreover, the saturated versions of an 
order structure (i.e., the maximal extensions that respect this acyclicity 
property) correspond to step sequences. As demonstrated in [2, 3] there is a 
closure operator that, when applied to an order structure, yields an invariant 
structure. Invariant structures are order structures which can be considered 
as generalised partial orders in the sense that they satisfy a generalised 
Szpilrajn’s property: each invariant structure is the intersection of all its 
saturations. In [4], it is moreover demonstrated how to capture the intrinsic 
dependencies in a step sequence (over a given step alphabet). Furthermore, 
equivalent step sequences generate the same dependence structure; every 
step sequence corresponds to a saturated version of its dependence structure; 
and, finally, all step sequences obtained by saturating a dependence structure 
are equivalent. Hence we may conclude that, in the context of step traces, 
dependence structures and invariant structures are the counterparts of the 
dependence graphs and partial orders of Mazurkiewicz traces. 


As argued in [4], and following [8], invariant structures represent the 
most general concurrent histories satisfying Szpilrajn’s property. So, step 
alphabets and step traces with their simultaneity and sequentialisability 
relations, are the most general in terms of their underlying order structures. 
On the other hand, the definition of step alphabets almost automatically 
leads to a hierarchy of step alphabets, depending on which combinations 
of simultaneity and sequentialisability are allowed. In [7], eight subclasses 
of step alphabets are distinguished. These include a class corresponding 
to Mazurkiewicz traces; step alphabets that combine the independence 
relation of Mazurkiewicz traces with step sequences (and simultaneity is 
the same as serialisability), and a class of step alphabets that leads to 
comtraces [9, 11]. For five of them, their corresponding invariant order 
structures have been characterised. In this paper, we apply a finer distinction 
and complete the picture by introducing eight more subclasses. We briefly 
discuss their semantical meaning and then single out three specific ones for 
further investigation. 


The paper is organised as follows. After some preliminaries, we formally 
introduce step traces in Section 3. Next, in Section 4, we present the 
extended hierarchy of subclasses of step alphabets. In Section 5 we discuss 
general order structures and provide an axiomatic charaterisation of invariant 
structures and explain how they can also be obtained through closure of 
order structures. We demonstrate how to associate with each step trace a 
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unique order structure, the closure of which is the invariant structure of the 
trace. In Section 6 we divide the new subclasses of step alphabets into three 
families and characterise for each of these families the corresponding class 
of invariant structures. Finally in the concluding Section 7, we summarise 
what has been done and what is still to be done. 


2 Preliminaries 


In this section, we introduce basic terminology and notation that will be 
used later in this paper. 

Given a binary relation R C X x X, we denote the inverse of R by R7!; 
its symmetric closure is RS” = RU R7!. Relation R is a strict partial order 
relation if it is irreflexive and transitive; R is a total order if it is a strict 
partial order relation such that R®’" = (X x X) \ idx. Here idx denotes 
the identity relation over X. We define R° = idx and R” = R"'o R, 
for alln > 1. Then: R*+ = U,s, R' and R is acyclic if Rt is irreflexive; 
R* = Us, BR! = Rt VU idx; Rt = Rt \ idx = R* \ idx is the irreflexive 
transitive closure of R; and R® = R*N (R*)~! is the largest equivalence 
relation contained in R*. 

A labelled partial order (A, R,¢) consists of a finite set A, a strict 


partial order relation R on A, and a labelling A +, ¥ where © is a finite set 
of labels. We refer to A as the domain of the partial order. As we will deal 
only with labelled partial orders and strict partial order relations, we will 
mostly speak simply of partial orders and partial order relations. 

Throughout the paper, © 4 @ is a finite alphabet of actions, S = 2*\{@} 
is the set of all steps, and S* is the set of step sequences u = Ay... A, with 
A; €S forl <j <k. Ifk=0, then u is the empty step sequence. A step 
containing a,b and c is denoted by (abc) rather than {a,b,c}. 

Let u= A,... A, € S* be a step sequence. For each action a € &, let 
#-(a,u) denote the number of occurrences of a in u. Then occ(u) = {(a, 7%) | 
a€XA1L<i< #(a,u)} is the set of action occurrences of u. We let pos,,(a) 
denote the position of action occurrence a = (a,i) € occ(u) in u, formally 
defined as the smallest index 7 < k such that the number of occurrences of a 
within A;...A; is exactly 7. Note that in case u is the empty step sequence, 
we have #(a,u) = 0, for all a € ©, and occ(u) = @. 

Let EQ be a finite set of equations on step sequences, with each equation 
being of the form wu = v, where u,v € S* are both nonempty. Then EQ 
defines a relation on step sequences comprising all pairs (tuw, tuw) such 
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that either t,w € S*, and u= v or v = u is an equation in EQ, or u and v 
are both the empty sequence. Then = =&%* is the equivalence relation on S* 
induced by EQ. 


3. Step Traces 


Now we are ready to define step traces as equivalence classes of step sequences 
induced by equations based on two relations between actions: simultaneity 
(sim) and sequentialisability (seq). The first defines pairs of potentially 
simultaneous actions, i.e., pairs of actions that may occur together in a step. 
Note that sim does not enforce simultaneity; two actions that form a pair in 
sim may occur simultaneously, but they do not have to. The second relation, 
sequentialisability specifies pairs of actions whose simultaneous occurrence 
in a step means that they may also occur one after another in the order 
given and whose occurrences may be swapped in a step sequence (provided 
sequentialisability is symmetric for them). 

A step alphabet is a triple 6 = (X,sim,seq), where sim, seq C © x ¥ are 
irreflexive; moreover, sim and seq \ sim are symmetric. The family of all 
step alphabets will be denoted by 0. Simultaneity defines Sg = {A C © | 
A #2 (Ax A) \ ids C sim}, the set of (legal) steps over 6. The set 
SSEQ¢ = Sj consists of all step sequences over 0. Sequentialisability, on the 
other hand, identifies pairs of actions which can be interleaved and defines 
ways in which steps can be serialised. This leads to the following equations 
over 0, where A, B € Sg: 


AB=BA if Ax BCseqnseq! (interleaving), 
AB=AUB if Ax BCsimNseq (serialisability). 


Note that it follows from the irreflexivity of sim and seq, that the sets A 
and B in these equations are disjoint. 


Example 1 Consider 0) = ({a,b,c,d,e, f},sim,seq), a step alphabet with 
its simultaneity and sequentialisability relations as given in Figure 1 where 
each undirected edge stands for two arrows in opposite directions. The 
step alphabet 09 generates, e.g., the interleaving equations ad = da and 
d(ac) = (ac)d; it also generates the serialisability equations (ac) = ac, 
(ac) = ca, and (ab) = ba. However, (ab) = ab is not an equation over 6, 
since (a,b) ¢ seq. © 
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Figure 1: The step alphabet 4. 


These equations define a relation ~ such that for two nonempty step 
sequences u,v we have u = v if there exist w,t € S* and A, B € S satisfying, 
respectively: (7) u = wABt and v = wBAt and AB = BA; or (it) u= wABt 
and v = w(AU B)t or v= wABt and u=w(AU B)t, and AB = AUB. 

Let ===*. The equivalence classes of = that contain a step sequence 
from SSEQg are the step traces over 9. We denote by STRg the set of all 
step traces over 6. It is important to observe at this point that all step 
sequences forming a step trace are sequences of legal steps over 6, thus 
each such sequence is an element of Sj ie., if 7 € STRg then tT C SSEQg. 
The trace containing u € SSEQg, will be denoted by [u]. For a step trace 
T = [ul] € STRo, where u is a step sequence over 0, we use occ(T) = occ(u) 
to denote the set of action occurrences in 7 (note that this is well-defined, 
as all step sequences in T have the same set of action occurrences). 


Example 2 The step alphabet 09 is as before in Example 1. Thus we have 
that f and b can occur as a step (fb) and be sequentialised to the equivalent fb, 
but not to bf; and similarly for b anda. Since f anda are neither related 
by sim nor seq we thus obtain the first step trace |(fb)a]] over 09 in the list 
below. The elements of the other step traces can be found in the same way, 
using sim and seq. 


[(fbja] = {(fb)a, foa, f(ba)} [adf] = {adf,afd,daf} 
[acf] = {acf,caf,(ac)f,afc,a(cf)} [d(bc)] = {d(bc), deb, edb} 
[(abe)] = {(abc),c(ab), (be)a, cba} [(ace)] { (ace) } 

[acd] = {acd, adc, cad, cda, dac, dca, (ac)d,d(ac)} . 
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4 Subclasses of Step Alphabets 


Recall that step alphabets are triples 6 = (X,sim,seq) and that sim and 
seq \ sim are symmetric. Consequently, seq \ sim = seq~! \ sim and seq \ 
(sim U seq-!) = seq! \ (sim Useq) = @. In Figure 2 we sketch the partition 
of x )) in the form of a Venn diagram. 


seq 


sim 


seq 


Figure 2: The relations defined by a step alphabet. 


In [7], subfamilies of step traces have been investigated based on a 
classification of step alphabets, defined by assuming that one or more of 
the relations sim \ seq, seq \ sim, and sim M seq are empty. This led to eight 
classes of step alphabets. In this paper, we extend this classification by 
refining the partition of © x U. First, we distinguish six additional possible 
relationships between pairs of actions. 

The six relations are the following: 


e strong simultaneity: ssi = sim \ (seq Useq—*), 
e semi-serialisability: sse = seq \ seq ', 
e weak dependence: wdp = seq! \ seq, 
e concurrency: con = simMseqM seq ', 


e interleaving: inl = seq \ sim, 


e rigid order: rig = (X= x &) \ (sim Useq). 
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As argued in [4], these relations have a clear semantical meaning. Strong 
simultaneity, ssi, allows a pair of actions to be executed simultaneously, but 
disallows to sequentialise them when they occur in a step. The relation sse, 
semi-serialisability, allows a pair of simultaneously executed actions to be 
executed sequentially in the order given, but not in the reverse order. Weak 
dependence, wdp, is the reverse of semi-serialisability, while the concurrency 
relation, con, allows actions to be executed simultaneously as well as in any 
order. The relation inl allows to swap occurrences of actions. Note that, 
as illustrated in Figure 2, seq \ sim = (seq seq~!) \ sim and ‘interleaving’ 
here refers to individual occurrences of actions, whereas the interleaving 
equations in Section 3 on the other hand, are based on seqMseq~! and relate 
to the swapping of complete steps. The last relation, rigid order rig, allows 
neither simultaneity nor changing the order of actions. 

The technical usefulness of distinguishing such relations has been demon- 
strated e.g., in [15], where comtraces (i.e., step traces over step alphabets 
with an empty inl relation) are considered. The investigation of the other 
five relationships has led to an alternative compact version of the invariant 
structures representing the causal invariants that underlie step traces, based 
on projections of a step trace on binary subalphabets. In [6], this decompo- 
sition is used in an efficient procedure to check whether a labelled invariant 
order structure is the invariant structure of a step trace and to synthesize 
suitable step alphabets. 


Example 3 Consider once more the step alphabet 69 from Example 1. The 
corresponding partition of {a,b,c,d,e, f} x {a,b,c,d,e, f} ts illustrated in 
Figure 8. © 


Again we build our classification by assuming for each subclass that 
one or more of these six possible relations are empty. Before discussing 
these classes, however, we simplify the picture a bit. We do not consider 
the case that rig = @, as idy C rig due to the irreflexivity of sim and seq. 
Furthermore sse = seq \ seq! = @ if and only if wdp = seq”! \ seq = ©. 
Hence the cases that only one of these relations is empty, do not occur. In 
what follows we will not refer to sse anymore and always use wdp. 

All this leads to sixteen relevant subclasses of step alphabets as out- 
lined next. The subscripts indicate which relations are empty. Thus, for 
example, Ojntcon Comprises all step alphabets such that inlU con = @. The 
corresponding areas in the diagram are rendered in a lighter shade of grey. 
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Figure 3: The partition of step alphabet 4. 


is the family of all step alphabets. 


comprises alphabets where serialisabil- 
ity is symmetric. 


© Ossi comprises alphabets where every step 


with two elements may be split. 


mute only through interleaving. 


Oin! comprises alphabets without true in- 
terleaving. Alphabets in ©j,) (after 
dropping the empty relation inl) are 


also known as comtrace alphabets [8]. 


comprises alphabets with serialisabil- 
ity rich enough to split every step in 
each possible way. 


Owd pUssi 


© Ocon @ comprises alphabets where steps com- 
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© Owd pUcon 


e Ossiveon 


° Owdpuinl 


e Ossiviini 


© Oconuinl 


© Owd pUssiUcon 


* OwdpUssivin! 


td OwdpUconuinl 


a @ Poleleor 


comprises alphabets with only inter- 
leaving. 


comprises alphabets where every step 
with two elements may be split only 
in a unique way and commuting is 
only through interleaving. 

comprises alphabets with symmetric 
serialisability and without true inter- 
leaving. 


comprises alphabets without true in- 
terleaving, where every step with two 
elements may be split. 


comprises alphabets without commu- 
tativity. 


comprises alphabets which do not al- 
low steps with two or more elements 
and know no serialisablity either. Al- 
phabets in O.siuwdpUcon after dropping 
the empty sim relation, correspond to 
Mazurkiewicz concurrency alphabets 
with inl as their independence rela- 
tion. 

comprises alphabets without inter- 
leaving equations, but serialisability 
is rich enough to split and reorder 
steps in every possible way. Al 
phabets in Ogsiuwapuin! correspond to 
Mazurkiewicz concurrency alphabets 
for step sequences. 

comprises alphabets which generate 
step traces consisting of a single step 
sequence. 
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© Ossitconin! comprises alphabets without commu- 
tation where every step with two ele- 
ments may be split. 


® OwdpussiviconVinl comprises alphabets defining step 
traces consisting of a single sequence. 


Figure 4 shows all subclasses. The alphabets in Owapussiuiconuin! and 
OwdpUconuin! are of little interest. Those in ©, Oinl, Owdpussi, Qwdpucon: 
Owdpussiucon 2Nd Owdpussivin! are the ones that were studied in [7]. The 
eight others are as new subclasses, our subject of investigation in the next 
section. 


5 Invariant structures 


The relational structures or = (A, =,C, ¢) underlying the order theoretic 
treatment of step traces are determined by a finite set A, two binary rela- 


tions = and C on A, and a labelling A “, 5. The elements of A, called the 
domain of or, represent events (occurrences of actions) which are labelled 
by the name of their corresponding action. The relation = is called the 
mutex relation and, intuitively, « = y indicates that x and y did not occur 
simultaneously. The second relation FC is weak causality: if x C y, then x did 
not occur later than y (in other words x was before or simultaneous with y). 
All this implies that if both = y and x C y, then x occurred before y and 
we will denote this also as x < y. We write < for = LC and refer to this 
relation as (strong) causality. 


A relational structure or = (A, =,C, @) is an order (relational) structure 
if it is (i) separable, meaning that = is symmetric, C is irreflexive, and 
= C®= @ (which implies that = is also irreflexive); and (iz) label-ordered, 
meaning that any two distinct events x and y such that ¢(2#) = @(y) are 
related by both = and C*#". Note that in this way we obtain a nice graphical 
representation of an order structure (with A as nodes, =/C as two types of 
edges/arcs and ¢ as a function which assigns labels to nodes). Intuitively, 
separability guarantees that any two elements that are in a cycle of weak 
causalities (C) cannot be mutually exclusive (=). 


The class of all order structures will be denoted by OR. 
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Figure 4: Hierarchy of the sixteen subclasses of step alphabets. When two 
classes are linked, the one higher up encompasses the lower one. The grey 
polygons show the three families of subclasses studied in Section 6. 


There is a natural way (based on set theoretical inclusions) to order 
and intersect relational structures over the same A and with the same ¢. We 
write or, < org whenever or, = (A,=4,(i,%), org = (A, =2, Ca, @), and 
= C=. and £1CC2 (in other words org is an extension of or;). Moreover, 
or, 1 org (A,=1 M =2,01 M Ce2,f). We can now identify maximal 
elements w.r.t. <. These maximal order structures are referred to as 
saturated (relational) structures. The intuition behind this name is that 
adding any additional edge/arc to the graph representation of a saturated 
structure would destroy its separability. It is important to notice at this 
point that saturated structures correspond to step sequences (see e.g., [4]). 


A relational structure ir = (A,=,C,?) is an invariant (relational) 
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structure if it satisfies, for all x,y,z, 2’ € A, each of the following axioms: 


eee (11) 

reg oh £leeky = fey (12) 

a=y y=uA#y (13) 

SHsly V thea g = oe y (14) 

227  2ESle: = ey (15) 

s]—7 KACEY A 2c = way (I6) 
c#y AN &ay=ly) => «xy (I7) 


The class of all invariant structures will be denoted by IR. 

The axiomatic characterisation of invariant order structures (for the 
unlabelled case) was introduced originally in [2, 3]. Like in [4], here we 
add axiom (I7) to capture label-orderedness. Note that by axiom (J2), if 
xAy,xC* y, and «= y, then x ~ y. Hence instead of explicitly requiring 
label-orderedness, we use the more compact formulation of axiom (I7). 


Invariant structures are order structures (see [4, 7]). Actually, every 
order structure can be ‘closed’ by adding pairs to their mutex and weak 
causality relations to obtain the unique invariant structure that has the same 
set of saturated extensions. Intuitively, to obtain an invariant structure from 
an order structure, one should apply the implications in the axioms (I2) 
and (I4)-(16) until these axioms are satisfied. Note that, because of the 
label-orderedness of order structures, axiom (I7) is satisfied from the start. 
Also the axioms (J1) and (I3) are satisfied initially and adding relations 
according to (12) and (I4)-(16) will preserve (I1) and (I3) thanks to the 
irreflexivity of C, the symmetry of =, and separability. 


However, the closure of an order structure can also be described by 
defining a new mutex and a new weak causality relation directly in terms 
of the original relations of the order structure. Axiom (J2) is then satisfied 
by the standard irreflexive and transitive closure of the weak causality 
relation C of the order structure. Simultaneously guaranteeing the three 
axioms(I/)-(I6) for the mutex relation is however more involved. In the 
closure mapping defined below, the first component of the new mutex relation 
contains the original mutex relation and guarantees axiom (I5). Combining 
axiom (J6) with the transitive closure of weak causality gives rise to the 
new cross relation. It is not difficult to see that cross also guarantees that 
axiom (14) will hold. 

or2ir 


The order structure closure OR ——> IR is a mapping, for every structure 
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or = (A,=,C, €) € OR, defined by: 


orir(or) = A.e* oo” Wl eross™. Ee) 


where cross = {(z,y) | dz,2’:2= 2) AxC* z0C*yAarc* zo y}. 


5.1 Step Traces and Invariant Structures 


Given a step alphabet 9 = (,sim,seq), the dependencies between the 
events underlying a step sequence in SSEQ, are given by the mapping 


SSEQy “°°, OR which is defined, for all u € SSEQy, by sseq2org(u) = 
(occ(u), =, C, @) where for all a, 6 € occ(u) with pos,,(a) =k, pos,(8) =m: 
a=6 if (€(a),48))¢ésimnseq A k<m 
or (€(a),£(B)) gsimnseq>' A k>m a) 
aclB if (€(a),e(B)) ¢dseqnseqt A k<m 
or (€(a),2(B)) €sim\seq7' A k=m. 


The relational structure sseq2org(u) is the dependence structure of u (over @). 
Later in the paper we want to be able to discuss relational structures that are 
relational structures associated with step sequences over a specific subclass X 
of step alphabets. Hence we define 


ORx = sseq2or, (SSEQ) = U sseq2org(SSEQy). 
0EX 


and IRx = or2ir(ORx). 

Finally, for a given step alphabet # and a step sequence u over 0, order 
structure closure (the mapping or2ir) can be used to obtain an invariant 
structure for u. As was proven in [3], or2ir(sseq2org(u)), the invariant 
structure of u (over 0), is not only the same for all step sequences forming 
the step trace [ju], but also determines [Ju] as every saturated extension of 
or2ir(sseq2org(u)) corresponds to a step sequence equivalent with u and every 
step sequence equivalent with u corresponds to a saturated extension of 
or2ir(sseq2org(u)). Moreover, every invariant structure satisfies a generalised 
version of Szpilrajn theorem [20]: it is the intersection of its saturated 
extensions. 


Example 4 Consider the step alphabet 09 from Example 1 and Figure 1 
and the step sequence u = (ef)dcba over this alphabet. Then occ(u) = 
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a) Je 
si i <a a 


@-- wm @ --2 06 
s 


Figure 5: Dependence structure (i) sseq2org,(u) and invariant structure (ii) 
or2ir(sseq2org, (u)) of the step sequence u = (ef )dcba for the step alphabet 0 
from Figure 1. The relation = is depicted using solid (undirected) edges, C 
by dashed arcs, and ~ = = LC by solid arcs. 


{(a, 1), (b, 1), (ce, 1), (4,1), (e,1), (f,1)} with pos,,({a,1))=5, pos,,((b, 1))=4, 
pos,,((c, 1)) = 3, pos,((d,1)) = 2 and pos, ((e, 1)) = pos, ((f, 1)) = 1. 

The dependence structure of u is depicted in Figure 5(i). In this structure 
we have for instance (f,1) = (d,1) because (f,1) is before (d,1) in u, in 
other words pos,,((f,1)) < pos,,((d,1)), while (f,d) ¢ simMseq and hence 
this ordering of the two occurrences cannot correspond to a simultaneous 
occurrence of f and d that was sequentialised. 

Similarly we have (f,1) = (a, 1); moreover, (f,1) CF (a,1) because (f, 1) 
is before (a,1) and (f,a) ¢ seqMseq~! implying that these occurrences of f 
and a cannot be swapped. So we obtain (f,1) ~ (a,1). 

Note that (f,1) C (e,1) C (f,1) because (f,1) and (e,1) are in the 
same step while (e, f) and (f,e) are in sim \ seq”!. 

Next we consider the invariant structure of u obtained from its depen- 
dence structure by order structure closure. It is depicted in Figure 5(i). 

We now have (f,1) ~ (d,1) instead of only (f,1) = (d,1), because the 
closure operator introduces (f,1) ~< (d,1) from (f,1) C (e,1) CE (d,1) in the 
dependence structure. 

Another new relation is (f,1) = (b,1). This is added because we have 
in the dependence structure (f,1) C (e,1) ~ (b,1) which implies that (f, 1) 
cannot be later than (e,1) which in its turn is earlier than (b,1); thus having 
these occurrences of f and b in the same step is impossible. 


Finally, note that because (f,c) € simM seq, we have no C relationship 
nor a = relationship between the occurrences of f and c in the dependence 
structure of u. Order structure closure however adds (f,1) < (c,1), because 
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(f,1) © (e,1) since (f,1) € (e,1) C (c,1) in the dependence structure; and 
(f,1) = (6,1) since (f,1) C® (e,1) = (c,1) in the dependence structure. © 


6 Subclasses of Step Alphabets and 
Their Invariant Structures 


In this section, we investigate what invariant structures underlie the step 
traces defined by the eight new subclasses of step alphabets identified in 
Section 4. We divide them into three families as indicated by the grey 
polygons in Figure 4. 

The step alphabets that belong to the family consisting of Owdp and 
Owdpuin! Know no weak dependence (nor semi-serialisability sse). It appears 
that only those two behave as regular as the classes investigated in [7]. It 
turns out that we can characterise the invariant structures associated with 
the step traces defined by these step alphabets (actually simplifying the 
axiomatisation of general invariant structures). 

The second family of step alphabets we discuss, excludes strong si- 
multaneity (but allows weak dependence). Exactly half of our eight new 
subclasses of alphabets belong to this family. For this family we identify 
two properties crucial in the definition of the dependence structures and 
invariant structures associated with their step traces. 

Thirdly we consider step alphabets which may have non-empty weak 
dependence and strong simultaneity relations, but allow no true concurrent 
events, i.e, con = @. The two subclasses of step alphabets considered 
are Ocgon and Oconuint- In these cases we establish an additional property for 
the dependence structures and invariant structures of their step traces. 


6.1 Alphabets Without Weak Dependence 


We present the main properties of alphabet classes from this family on the 
example of Owdp. 
A step alphabet 6 € Owdp has wdp = @, hence 
also sse = @. As a result, we get the case where all the 
remaining relations between actions are symmetric. 


Example 5 Consider 0, = ({a,c,d,e, f},sim,seq), a 
step alphabet with its simultaneity and sequentialisability relations given 
in Figure 6 where each undirected edge stands for two arrows in opposite 
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directions. Some step traces over 01 are: 


{adf, afd, daf} 
{ (ace) } 


[acf] {acf, caf, (ac) f,afc,a(cf)} [adf] 
[cde] = {cde,dce} [(ace)] 
[acd] = {acd, adc, cad, cda, dac, dca, (ac)d,d(ac)} . 


cc} 46seq= fF c 


Figure 6: The step alphabet 6. 


On the level of dependence structures and events, this symmetry implies 
that we cannot observe one-direction weak causality by itself. Formally, we 
have seq = seq! and so simMseq = simM seq~! = simMseqM seq! = con. 
Moreover, inl = (© x %) \ (sim \ seq) = inl. This leads to the following version 


of (1): 


a= if (l(a), €(B)) € con AN k#m, 


alB if (€(a),e(B)) éconUinl A k<m. 2) 


In other words, two occurrences that are not in the same step are in the 
mutex relation if they are not concurrent; and two occurrences are ordered 
by C whenever they are not concurrent nor can be interleaved. Hence, 
the resulting dependence order structures have the property x C y => 
yCaVa=y. Let us consider ORwdp consisting of all order structures 
or = (A,=,C, ¢) that satisfy this additional property. 


We propose the following axiomatisation for the corresponding invariant 
structures. A relational structure (A,=,C, @) belongs to IRwdp if, for all 
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L,y,zEA: 
ro Oe (Al) 
CA kh CE y, ==-- ay (A2) 
x y y vFY (A3) 
u<x<z~<xy => «rey (A4) 
BA he. Peis. tS ae (Ad) 
sey => re gv oe: (46) 
ge ON: Ley ayy <S. sue gy (A7) 


Note that only the axioms (A4) and (A6) are new. The other five are 
equal to (I1), (12), (I3),(I5), and (17), respectively. 

Moreover, since axioms (I/) and (J6) are replaced by the more restric- 
tive (AZ) and (A6), we can simplify the procedure of computing the closure 
by changing the involved cross relation into mixed transitivity (based on ~< 
and weaker CL). In this way we have or2irwqp such that for any or © ORwdp 


Citar — (Mike Sor Ul Soe yey, 


Lemma 1 |Rwdp C IR. 


Proof: First of all, recall that (J1)=(A1), (12)=(A2), (13)=(A3), 
(15)=(A5), and (I7)=(A7). Hence, we need to prove that (I{) and (I6) are 
satisfied for every invariant structure ir € IRwdp. 

Let x <~ z Cy. Then, by (A6) z= y or yC z. In the first case we have 
x~<z~<y, and so, by (A4), x = y. In the second case we have z Cy C z 
and x = z, hence, by (A3) (used twice) and (A5), z= 2, y = 2 and finally 
x= y. If Cz < y we proceed similarly. As a result, every ir € IRwap 
satisfy (If). 

Let z= 2’) andxCzCyandxC z’ Cy. Then, by (A6), z= 2 or 
za. In the first case we have x < z C y, and so, by (I4), x = y. In the 
second case we have z C « C z and so, by (A6) we get x = 2’. Note that it 
is impossible to get 2’ C x as in this case we would have 2’ Cx Cz0 20 2’ 
which together with z = z’ denies separability. Then we have, x < 2’ Cy 
and, by (I4), «= y. As a result, every ir € IRwap satisfies (I6), which ends 
the proof. 


Lemma 2 |Rwdp C ORwap- 


Proof: Let ir € IRwap- By Lemma 1 we have that ir € IR, hence ir € OR. 
Moreover, by (A6) ir satisfies the condition x FC y => yl xVa = y. Hence 
ir e€ ORwap- 
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Lemma 3 or2itwdap(ORwdp) © IRwap- 
Proof: Let or = (A,=,C, @) and ir = or2itwap(or) = (A, =, E, 2. 

To show (A1), suppose that 2 Gx. But this means x C* 2, which is 
impossible by irreflexivity of C%*. 

To show (A2), assume that « 4 y and xl zCy. Then x C%* y, since 
aC*yands zy, andsoxrCL y. 

To show (A3), assume that x= y. Then 2 C® o = 0 C® y or #(L* o X 
o £*)#™y. In the first case, by symmetry of C® and =, y C®o =o LC® x 


hence y = x. In the second case, ( 


C* oxo 


c*)s¥™ is symmetric as it is 


a symmetric closure, hence also y = x. Suppose that x = y, which means 


that x 
ect 


c® oo 


YZ 


C* x, hence y 


* 


Ee? # ore(e 


*o~0 


c*)s¥™z. In both cases we have 


x 


*z and y = z, which means that or is not 


separable, giving an obvious contradiction, and so x ¥ y. 


To show (A4), assume that x 3 zy. Since x 3 z, we have x 
and x= z. Hence x 


C* zand a 


A A 


& 7] 
C* y. According to the definition of or2irwdp, 


there are two cases/reasons for x = z. In the first case we directly have 


x 


suppose z 


C*owZwo 


—* 


c* a. Then t’ C* 


z. For the second case assume that x 


c®¢=tC® z and 


x 


* et * * 


z z *t' and t! = t, which 


x 


means that or is not separable, giving an obvious contradiction. Hence 


z 


Z* x 


exist p,q such that x 
c*p~<q 


x 


—* 


and x 


ae 


z. Since or € ORwap (x 
C* px q 
*yandsoxr=—y. 


2S 20 GV es =z), there 
z. As a result, in both cases, we get 


—* 


To show (A5), assume that z=y and zE aC z. First note that « C® z. 
Moreover, z LC® o = 0 LC® y or 2(L* o ~ o £*)#™y. In the first case, 
co®zCl®o=oLl® yand soz —y. In the second case, as both x L* z 
and z C* x, we have x(L* o Xo L*)8¥™y hence «= y. 

To show (A6), assume that x Cy, but yx. Then x 4 y and x C* y 
but y C* x does not hold. This means, that there exist z,t such that 
xC*zCtcC* yandt & z. But or € ORwap, hence z = t¢ and we have 
xC*z<ttC*y. Therefore «= y. 


Finally, (A7) follows directly from the label-orderedness of or. 


Theorem 1 


Proof: 


ORG, 4, 
U 
IRe 


wdp 


C ORwap C OR 
U U 
C IRwap Cc IR 


Let us consider one by one all the inclusions: 
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¢ IRe,u, C !Rwap follows from or” € IRwap \ [Re 


IR c OR follows from the general results proven in [4] and 


af ZAR Ve Ane) NeU ae eee 
or =( {(z, y), (y,z)}, {2 ay bz c} ) €OR\IR. 


IRwdp C ORwdp follows from or € ORwdp \ !Rwdp and Lemma 2. 


Revie C ORe,,g, follows from or € ORe,,,, \IRo,g, and the general 
results proven in [4]. 


ORwdp C OR follows from the definition of ORwdp and 


or = ({z,y}, 2, {(z,y)}, {xz a,yH b}) € OR\ ORwdp - 


IRwdp C IR follows from or’ EIR\ IRwdp and Lemma 1. 


ORe 4, C ORwdp can be proven by taking @ € Owap, u € SSEQg, and 
or = sseq2org(u). We know that or € OR. Suppose that a, 8 € occ(u) 
and a C £. We consider two cases: pos,,(a) < pos,,(3) and pos,,(a) = 
pos,,(3). In the first case, since wdp = sse = @, by (1), (€(a), £(B)) € 
rig Usse and so (a, 3) €=. In the second case, once more by wdp = 
sse = @ and (1), (€(a), €(G)) € sse, hence 6 C a. Therefore or € ORwap- 
Moreover, we note that 


ont = ( {x,Yy, 2}, {(x,y), (y, £), (x, 2), (2,2), (Y, 2), (2,4) }, ) 
{(z,y), (2, z)}, {aH ay a,z b} 


E ORwap \ ORG .ap- 


ORO wip C ORwdp and 


wdp ? 
Lemma 3. 


Moreover, note that or € ORwdp \ IR and or’ € IR \ ORwdp which justifies 
that IR and ORwdp are not related. Similarly, there is no inclusion between 


IRwap and OR@,,, since or € ORe,y, \!Rwdp and or” € IRwdp \ ORO x49: 


In addition, we give three properties that fully justify the proposed 


characterisation for the invariant structures associated with Owdp. The first 
one shows that invariant structures satisfying the set of proposed axioms 
are precisely those invariant structures that satisfy the defining property of 
ORwap: @ Oy => yCx2Va2=y. The second shows that all dependence 
structures of step sequences compatible with any step alphabet from Owdp 
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are precisely those satisfying the defining property of ORwap. And, most 
importantly, there are no fake invariant structures in IRwqp, meaning that the 
invariant structures over any alphabet from Owdp are precisely those that can 
be obtained as invariant structures for any step alphabet and simultaneously 
satisfy the defining property of ORwap. 


Proposition 1 For every relational structure ir = (A,=,C, @), 


rel\Rwap <= -Gre IRA Vag eh cl gS tS 9 VIE Ss). 


Proof: (= >) Follows from Theorem 1 and (A6). 

(<=) Note that (A6) is the additional property; (I1) and (A1), (I2) 
and (A2), (13) and (A8), (I5) and (A5), and (I7) and (A7) are pairs of the 
same axioms; while (A4) follows directly from (I4). 


Proposition 2 For every relational structure or = (A,=,C, £), 


or € sseq2ore,,, (SSEQ) <=> 
(or € sseq2org(SSEQ) A Va,ye A:crCy=rt—yVyC). 


Proof: (= >) Follows from (2). Note that ifa C 8 and k < m then 
a= 6. Moreover, ifaC 6G andk=mthen GLa. 

(<=) Suppose that there exists 9 € © with (a,b) © wdp (and so 
(b,a) € sse). Let us consider seq € SSEQ consisting both a and b. Let 
a, 8 € occy, such that (a) = a and £(3) = b, pos(a) = k and pos(B) = m. 
Then, if k < m then a < 6; ifk >mthen 6 Ca, buta ZG andb-a 
which gives contradiction with the assumption that Vz,y¢ A:¢c¢ Cy => 
x=yVyCoa). Asa result, in every or € Og all occurrences labelled 
by a have to causally preceded all occurrences labelled by 6 and one can 
consider 6’ which is 0 with (a,b) € rig instead of (a,b) € wdp. Note that 
u € SSEQg, and sseq2org(u) = sseq2org/(u). Hence or € sseq2ore, ,, (SSEQ). 


Proposition 3 For every relational structure ir = (A,=,C, @), 


ir € IRe = (relReA Vege A ely rcSHyVy Ee). 


wdp 


Proof: (= >) Follows directly from Lemma 3. 
(<=) Let 6 € O be a step alphabet with (a,b) € wdp (and so also (b, a) € sse). 
Let us consider u € SSEQ containing both a and 8, and ir = or2ir(or), where 


258 R. Janicki, J. Kleijn, L. Mikulski 


or = sseq2or(u). Let a,@ € occ(u) such that €(a) = a and &(8) = 8, 
pos(a) = k and pos() =m. We consider three possible orders of k and m. 
In the second and third cases we proceed by contradiction excluding one of 
two possible conclusions given by the property that defines ORwap (namely 
VV eu te. oS eS Ee). 

If k < m then, by (1), a <5, 8 hence also a < £. 


If k > m then 8 Co, @ and hence also 6 C a. Note that, by the 
assumption, a C § or 8 =a. Suppose that a C 8. Then a C%,, 6 and there 
exist 6,y such that a C%,. y Cor 6 C3, 8 with pos(d) < pos(y) which is in 
contradiction with (1). Hence if k > m then 6 ~ a. 

If k = m then 6 Co, a and naturally 6 C a. Note that, by the 


assumption, a C 6 or 6 =a. Suppose that 6 = a, then, by the definition 


of or2ir, 6 C®. y Sor 6 C®. a or B cross*#™ a, where cross = {(x,y) | 
dz,w:z=SorwArlt.z0*. yAxrls, wt, y}. In the first case we get 


pos(y) = pos(B) = pos(a) = pos(d), hence u ¢ SSEQg (we cannot observe 
mutex between events in the same step). In the second case we also get 
pos(x) < pos(z) < pos(y) = pos(x) and pos(x) < pos(w) < pos(y) = pos(x) 
and so pos(z) = pos(w) and u ¢ SSEQg. Therefore, if k =m then 8 Ca 

Finally, we geta <~ Bifk<m,Bxaifm<kandBCacl Pifm=k, 
hence referring to (1) one can consider 6’ which is 6 with (a, b) € ssi instead of 
(a,b) € wdp. Note that u € SSEQg’, and sseq2org(u) = sseq2org:(u). Hence 
ir = or2itwdp(sseq2org(u)), which completes the proof. 


6.2. Alphabets Without Strong Simultaneity 


In this subsection we consider step alphabets from Og5;, Ossiucon; Ossivinl; and 
OssiconVinl: 
These alphabets know no strong simultaneity, but 
may nevertheless still have indivisible steps — as a result 
of cycles comprising weakly dependent and simultane- 
ous events. However, there are no indivisible steps of 
size two. We briefly present the main properties of 
alphabet classes from this family for the example of O,,;. 


Example 6 Consider 62 = ({a,b,c,d, f},sim,seq), a step alphabet with 
simultaneity and sequentialisation relations given in Figure 7. Some step 
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traces over 61 are: 


[foa] = {fba, (fb)a, f(ab)} 
[acf] = {acf,afe, caf, (ac) f,a(cf)} 


J 
[acd] = {acd, adc, cad, cda, dac, dca, (ac)d,d(ac)} . 


[adf] = {adf,afd,daf} 
[d(bc)] = {d(bc), dcb, cdb} 


Figure 7: The step alphabet 62. 


The assumption of an empty ssi relation gives an almost unnoticable 


simplification of (1): 


a= if (l(a), eB) 

or (e(a), &(8) 
al Bp if (l(a), eB) 

or (l(a), €(8)) € sse 


)¢conUsse A k<m, 
)¢conUwdp A k>m, 
) 


(3) 


¢conUinl A k<m, 


\N k=m. 


Since LC observed in a single step is implied by sse on the level of actions, 
the current dependence structures satisfy the property x C y = > y Z x. Let 
us consider OR, consisting of all order structures or = (A,=,C, @) that 


satisfy this additional property. 


Since by (I2) we would add backward C-links in the case of events 
that form a C-cycle, this newly proposed property cannot be added to 


the axiomatisation of invariant structures. 


We can try and replace it by 


rcCybra=s 2 Ctcy. This, however, while reducing the set of 
considered invariant structures, cannot be used to simplify the remaining set 
of axioms. Conversely, we need to keep all seven axioms (I1)-(I7) calling them 
(B1)-(B7) and add another one of a different nature (with an existential 


quantifier). A relational structure (A, =, 


-,) belongs to IR,. if, for all 
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x,y,z,2'€ A: 
0: (B1) 
ee A (ee) = Sy (B2) 
ny y=sauA#y (B3) 
ax~zCy V «weOz~y = «rey (B4) 
2's Bees == wey (B5) 
2S 2 MO ES EY A eS rky! SS Sy (B6) 
c#y A &ay=fly) => 2<%my (B7) 
lye = seein. (es) 


The closure operation cannot be simplified and we leave or2irgg; = or2ir. 
Moreover, similarly to the case of Owdp, IRssi C IR and or2itssi(ORssi) C IRssi 
(see Lemma 1 and Lemma 3). 

However, IRs; Z ORs; To justify this statement, let us consider 
x = {a,b,c}, step alphabet 6 = (h,(X x BJ) \ idy, {(a, 6), (b,c), (c,a)}) from 
O,,;, and a step sequence (abc) over this alphabet. By (3), the dependence 
structure of (abc) is an order structure or € ORggj with empty = and 
xCyC2zC 2, where ¢(r) = a, &(y) = 6 and &(z) = c. However, 
ir = or2irgi(or) gives us alsow CC zC ya. Hence we havex CyC 2x and 
so ir ¢ ORggi. One can verify that ir € IRegi, which ends the reasoning giving 
a non-trivial counterexample. 


As a result, we obtain a diagram like the one in the statement of 
Theorem 1: 
ORe., C OR gi C OR 
U U 
Cc IR. Cc IR 


ssi 


Note that the separation of the additional properties defining depen- 
dence structures and invariant structures are the counterparts of the three 


propositions stated for Owdp. To sum up, for every relational structure 
TSC] Et, 


or EIR <=> (orEIRA Va,yEeA:rOCylre= Aa cCtCly) 


and 


or € sseq2ore,.(SSEQ) <=> 
(or € sseq2org(SSEQ) A Vaz, ye A:rtCy—SyEFo), 
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but 


or € |IRe = (ore€lRe A Vz,yeA:¢rCyeaelticy). 


ssi 


The proof of the first equivalence stated above for or € IR,,; is similar 
to the proof of Proposition 1. Also the proof of the second equivalence given 
for or € IR, is very close to the proof of Proposition 2. The proof of the 
third statement, an implication when or € IRe,,, is similar to the proof of the 
left-to-right implication in Proposition 3. The reverse implication however, 
does not always hold, as we demonstrate next. 

Let us consider the invariant order structure ir € IRe of the step 
sequence (abc)cabc over the same step alphabet from O,.; as before: 6 = 
(X, (2 x &) \ ids, {(a, b), (b,c), (c,a)}) where © = {a,b,c}. Then ir has 
domain A = {a4, a2, bi, b2, C1, C2, c3} with C(x;) = x (see Figure 8). 


me 
\ 
Lae 

Ot} \ 
ae! ie 

1 1 
Hy \ ' y 

\ 
pL aa 
! b rma See ooe C3 0h soe eea = ) ——r Cc 
: \ 
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\ 1 \ ; 
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ee po 

eos toy 

\ ’ 

he 

Cc 


Figure 8: The invariant order structure ir of the step sequence (abc)cabc 
with the underlying occurrences ordered from left to right. 


Suppose that 6’ € © is such that ir is an invariant structure over 6’. 
Since 6; and c, are in a weak causality cycle, it must be the case that (b,c) 
is in the simultaneity relation of @’. Moreover, bz < cg and this relationship 
is not introduced by closure. Hence (b,c) ¢ sse and (b,c) ¢ con. Since 
co C ag and az C be (and those relationships cannot be introduced by 
closure), we know that (c,a) € sse and (a,b) € sse. As a result in any 
dependence structure we have cy C a; and a; C 6; but ay Z cy and by FZ ay. 
Therefore c; C b; cannot be introduced by closure and needs to be present 
in the dependence structure. Finally, (b,c) ¢ wdp and the only remaining 
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possibility is (b,c) € ssi which means that 0’ ¢ O..;. This shows that the last 
implication indeed cannot be reversed. 


6.3. Alphabets Without True Concurrency 


Next we turn to the subclasses of Oggon and Oconuint. AS we show on the 
example of Ogon, in these cases we are able to provide a nice additional prop- 
erty for both dependence structures and invariant structures. However, this 
property does not describe the extraction of invariant structures. The reason 
is similar to the situation described in the previous subsection. Information 
collected from more than one pair of events labelled in a specific manner, 
might individually mimic appropriate behaviour, but be inconsistent when 
considered together. 

A step alphabet 6 € Ocgon has con = @. As a result, 
every pair of events in a run is related (either causally 
or by mutex). From the point of view of all related 
order structures, there exists an arc or edge between 
any pair of nodes. 


Example 7 Consider 63 = ({a,b,d,e, f},sim,seq), a step alphabet with its 
simultaneity and sequentialisation relations given in Figure 9 where each 
undirected edge stands for two arrows in opposite directions. Some step 
traces over 03 are: 


[ foal 
[a(ef)] 


{adf, afd, daf} 
{bde} . 


{ foa, (fb)a, f(ab)} [ad] 
{a(ef)} [bde] 


sim = f seq= f 


Figure 9: The step alphabet 63. 
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In the case of an empty con relation we obtain the following simplification 
of (1): 


a= 6 if (€(a),&(G)) €sse Anko, 
or (€(a),€(38)) ¢ wdp AN k>m, (4) 
alB if (l(a), &G)) ¢€ inl AN k<m, 
) 


The property that every pair of events is related can be formally ex- 
pressedasx Ay=>arCyVyCrVar=y. We investigate ORcon consisting 
of all order structures that satisfy this property. 

We can use this property to reduce the number of invariant structures. 
However, it cannot be used to simplify the remaining axioms. A relational 
structure (A, =, C, @) belongs to IRoon if, for all x,y,z, 2’ € A: 


a Vile (C1) 

i ie A xCzCy = oeecy (C2) 

r=y ysa#y (C3) 

x<zCy V clz~y = «we=y (C4) 

CS y¥ A Zee. eS ey (C5) 
2A EE RI ak Cee Se ay (C6) 
c#y A &a=ly) =— 2K<¥™y (C7) 

Pray =< PReyVvyegl evry (C8) 


The closure operation cannot be simplified and we leave or2ircon = or2ir. 

Similar to the case of alphabets from Owap (see Lemma 1, Lemma 2, 
Lemma 3, and Theorem 1), we obtain IRoon © IR, IRoon G ORcon and 
or2ircon(ORcon) © IReon, which leads to 


ORe.., © ORcn Cc OR 
U U U 
IRéac -e> clRag Ee: IR 


Moreover, for every relational structure or = (A,=,C, 4), 


or €lReon <= > (orEIRAVaz,yEA:cAyeccyvylervzc=y) 


and 


or € sseq2org., (SSEQ) <> 
(or € sseq2org(SSEQ) A Vaz,yEeA:xcrCyVylreVre=y), 
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Figure 10: The invariant structure ir of bdacb with the underlying occur- 
rences ordered from left to right. 


but 


or €lRe,, = > (orElRe A Va,yEeA:rtCyVylrVvr=y). 


Again, as in the case of O,.;, the last implication in the reverse di- 
rection does not hold. This can be seen as follows. Consider the step 
alphabet 6 = (X,sim,seq) with © = {a,b,c,d}, sim = (= x &) \ tidy, and 
seq = {(a,b), (b, a), (d, a), (a,c), (c,b), (b,d)}. Let ir € IRe be the invari- 
ant structure over @ of the step sequence bdacb. Then ir has domain 
A= {a1, b1, ba, C1, d,} with ta) =z (see Figure 10). 

Suppose that 6’ € © is such that ir is an invariant structure over 6’. 
Note that events 6; and a, as well as a; and bg are related by C. On the 
other hand, they cannot all be present in the same step (there are two 
instances of action b). Hence, by (1), (a,b) ¢ rigg and (a,b) ¢ inlg, as in 
both situations we would observe 6} = a, = bg. Similarly, (a,b) ¢ simg, as 
in this situation we would observe b; = a1 or a; C by. Finally, (a,b) ¢ wdpp, 
and (a,b) ¢ sseg as in those situations we would observe b} = a1 or a, = bo. 
As a result, we get that (a,b) € cong and 0’ ¢ Ocon- 


7 Conclusion 


In this paper we have proposed a new classification of step alphabets. As 
the distinctions between the different subclasses are more detailed in this 
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paper, this has resulted in an extension of the classification in [7] from eight 
to sixteen classes. The identification of the various classes is based on a 
partition of the basic relations between actions into six meaningful relations 
and then assuming that some of these do not occur (are empty). The eight 
new subclasses have been divided into three families and we have described 
some prominent additional features of their associated order structures. 

The research in this paper yields a comparison of (families of) subclasses 
of step alphabets in terms of behaviour (potential relations between events) 
and properties of their associated dependence and invariant structures. This 
comparative study is however not yet complete and should still be extended 
to all sixteen classes by identifying a characteristic property for each of 
them. We anticipate that more investigations in this direction will lead to 
more insight in their practical potential. After all, also in the case of the 
four classes investigated in [7], some well known and useful trace models of 
concurrent systems could be identified. 

Another aspect touched upon in this paper, but not yet entirely ex- 
ploited, is related to the synthesis of step alphabets (see, e.g., [6, 16]). 
Properties of invariant structures that can be realised by particular step 
alphabets might be used in the procedure of revealing the concurrent struc- 
ture of a process or system under investigation. Requiring membership of a 
specific class of the step alphabet to be synthesised, would then be a possible 
design choice. 
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